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PREFACE 


This  report  was  prepared  at  the  Structures  Laboratory  (SL)  of  the 
U.  S.  Army  Engineer  Waterways  Experiment  Station  (WES)  under  the  sponsor 
ship  of  the  Headquarters,  U.  S.  Army  Corps  of  Engineers  (HQ  USACE)  as  a 
part  of  Civil  Works  Investigation  Studies  Work  Unit  31138,  "New  Technolo 
gies  for  Testing  and  Evaluating  Concrete."  Mr.  Joseph  L.  Lamond  and 
Mr.  Fred  Anderson  (OAEN-CWE-DC)  served  as  HQ  USACE  Technical  Monitors. 

The  study  was  conducted  under  the  general  supervision  of 
Mr.  Bryant  Mather,  Chief,  SL,  and  Mr.  John  Scanlon,  Chief,  Concrete  Tech 
nology  Division  (CTD),  SL;  and  under  the  direct  supervision  of 
Mr.  Kenneth  L.  Saucier,  Chief,  Concrete  and  Grout  Group,  CTD, 

Mr.  James  E.  McDonald,  and  Mr.  Henry  T.  Thornton,  Acting  Chief,  Evalua¬ 
tion  and  Monitoring  Group,  CTD.  This  report  was  prepared  by  Mr.  Roy  L. 
Campbell,  Sr. 

The  Commander  and  Director  of  WES  during  this  study  and  the 
preparation  and  publication  of  this  report  was  COL  Tilford  C.  Creel,  CE. 
Mr.  F.  R.  Brown  was  Technical  Director. 
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CONVERSION  FACTORS,  NON-SI  TO  SI  (METRIC) 
UNITS  OF  MEASUREMENT 


Non-SI  units  of  measurement  used  in  this  report  can  be  converted  to  SI 
(metric)  units  as  follows: 


Multiply 

By 

To  Obtain 

inches 

2.540 

centimetres 

pounds  (force)  per 
square  inch  (psi) 

6.854757 

ki lopascals 

Fahrenheit  degrees 

5/9 

Celsius  degrees  or 
Kelvins* 

*  To  obtain  Celsius  (C)  temperature  readings  from  Fahrenheit  (F)  read¬ 
ings,  use  the  following  formula:  C  =  (5/9) (F  -  32).  To  obtain  Kelvins 
(K)  readings,  use:  K  =  (5/9)(F  -  32)  +  273.15. 
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COMPUTER-AIDED  ANALYSIS  OF  CONCRETE 
STRENGTH  TEST  RESULTS 


PART  I:  INTRODUCTION 

1.  This  report  contains  the  basic  information  needed  by  a  user  to 
execute  a  computer  program  called  "CONEVAL."  The  program  provides 
computer-aided  statistical  analysis  and  report-form  output  of  concrete 
strength  test  specimen  results.  The  program  is  primarily  designed  to 
(a)  process  laboratory  test  results  and  generate  regression  data  for  ac¬ 
celerated  versus  design-age  strengths  and  (b)  process  field  strength 
test  results  using  laboratory  regression  data  and  generate  predicted 
design-age  and  required  average  strengths.  The  statistical  portions  of 
this  program  are  written  to  comply  with  AC1  214-77  and  ACI  214.1R-81. 

The  program  is  accessible  through  the  CORPS  Computer  Library  System  as 
program  X0064 . 

2.  In  retrospect,  the  concrete  specimens  should  be  made  according 
to  ASTM  Designations:  C  31-69  and  C  192-81  or  according  to  C  684-81  for 
accelerated  testing  and  tested  in  accordance  with  ASTM:  C  39-81. 
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PART  II:  PROGRAM  FEATURES 


Features  Applicable  to  Analysis  of  Both 
Laboratory  and  Field  Data 

3.  The  program  is  written  for  time-sharing  system  use  and  is 
interactively  executed.  A  restart  option  is  available  that  allows  the 
user  to  process  up  to  480  concrete  test  samples.  The  user  has  the  op¬ 
tion  to  display  or  not  to  display  input  and  output  values  in  either 
tabular  or  graph  form  or  both.  The  displayed  tables  and  graphs  can  be 
automatically  copied  by  the  program.  Graphs  can  be  redisplayed  using 
scales  selected  by  user. 

Features  Applicable  to  Analysis  of  Laboratory  Data 

4.  For  analysis  of  laboratory  strength  test  results,  the  program 
performs  a  linear  regression  for  accelerated  versus  design-age  strengths. 
The  series  of  individual  points  that  are  graphically  displayed  with  the 
regression  curve  are  selected  by  the  user.  At  this  point  in  the  pro¬ 
gram,  the  selection  of  points  and  the  replotting  of  the  graph  can  be  re¬ 
peated  as  many  times  as  needed.  Field  data  can  be  processed  as  labora¬ 
tory  data  to  generate  a  regression  curve  by  simply  giving  a  * N *  response 
for  the  field  analysis  query. 

Features  Applicable  to  Analysis  of  Field  Data 

5.  For  analysis  of  field  strength  test  results,  strength  data  are 
processed  according  to  age  of  test  specimen  at  time  of  testing.  The 
program  uses  interactively  entered  laboratory  regression  data  (slope,  Y- 
intercept,  number  of  points  on  curve,  and  95  percent  confidence  interval) 
to  generate  predicted  strengths  for  design-age  group  and  required  average 
strengths  for  both  accelerated  and  design-age  groups.  The  program  com¬ 
putes  averages  of  the  sample  input.  It  statistically  analyzes  the 
strength  test  results  for  standard  deviations,  coefficients  of  variation. 


and  ranges.  The  test-age  group(s)  for  which  data  are  to  be  displayed 
is  selected  by  user. 

6.  For  structural  concrete  an  average  of  the  last  three  consecu- 

tives  tests  is  maintained  by  the  program  while  for  nonstructural  concrete 

an  average  of  the  last  five  tests  is  maintained.  The  program  flags 

design-age  strengths  for  structural  concrete  in  which  (a)  the  average  of 

a  set  of  three  consecutive  tests  is  less  than  the  specified  strength, 

t'  ,  (AC I  318-77,  para  4.8.2.3(a))  and  (b)  an  individual  test  is  more 
c 

than  500  psi  below  f  ^  (AC’I  318-77,  para  4.8.2.3(b)).  This  procedure 
will  allow  calculations  to  be  made  Lo  determine  compliance  with  the  pro¬ 
visions  of  Section  7-2. e.  of  EM  1110-2-2000. 


6 


I 


PART  III:  DEVICE 


7.  A  graphics  terminal*  is  required  to  take  full  advantage  of  the 
capabilities  of  this  program.  For  a  user  who  only  has  access  to  a  line- 
printer  terminal,**  tables  can  be  listed  by  giving  the  following  ques¬ 
tion  responses: 

a.  Entering  'ALP'  for  device. 

b.  'O'  (zero)  for  number  of  copies. 

c:.  A  carriage  return  at  the  end  of  each  table. 

d.  Entering  'N'  for  the  plot  option. 


*  For  example,  the  Tektronix  4014. 

**  For  example,  Texas  Instruments  Silent  700. 


PAR  1'  IV:  INPUT 


Vines 

8.  Input  units  are  selected  and  interactively  entered  into  the 
program  by  the  user.  Units  can  be  either  non-St  or  SI  (metric).  Units 
most  compatible  with  output  formats  are  (a)  inches  (in.),  Fahrenheit 
degrees  (F),  and  pounds  per  square  inch  (psi)  or  (b)  centimetres  (cm), 
Celsius  degrees  (C)  or  Kelvins  (K),  and  kilopascals  (kPa). 

Fo rma t 

9.  Alpha  data  are  read  by  the  program  using  an  A  30  character  for¬ 
mat.  Numeric  data  are  read  using  a  free-field  format.  The  order  of 
values  contained  in  a  file  of  either  laboratory  or  field  data  is  the 
same,  except  that  the  design  water : cement  ratio  is  not  included  with  the 
laboratory  data.  Ihc  input  file  containing  either  laboratory  or  licld 
data  is  structured  in  either  initial  or  restart  file  forms.  Ihe  order 
and  description  ol  values  contained  in  the  initial  and  restart  file  forms 
are  presented  in  Figure  1. 


1  n  i  L  i  nJL  t  i  l  e 

10.  An  initial  I ile  is  used  to  start  the  analysis.  It  can  con¬ 
tain  up  to  tiO  samples  with  a  maximum  of  7  tests  per  sample  and  2  tesLs 
per  age  group.  Note  that  in  order  to  comply  with  the  provisions  of 
Section  7-2. e. (3)  ol  KM  li 10-2-2000  eacli  sample  should  consist  of  two 
tests  each  for  both  the  accelerated  anu  design-age  groups  and  one  test 
lor  each  informational  age  group,  the  number  of  tests  per  sample  and 
the  number  ol  tests  tor  a  given  age  group  are  constants  for  the  anal. sis. 
i he  order  and  description  of  values  contained  in  an  initial  file  are 
del ined  bv  lines  identified  as  1  through  b  and  7  through  9  in  Figure  1. 

An  example  of  an  initial  file  is  presented  in  Figure  2. 
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Restart  l'ile 


11.  The  program  limits  the  number  of  samples  that  can  be  processed 
in  the  initial  run  to  60.  However,  the  restart  option  of  the  program 
permits  the  user  to  process  a  total  of  480  samples.  When  the  user  re¬ 
quests  that  a  restart  file  be  generated,  the  program  writes  the  cumula¬ 
tive  sums  and  other  information  needed  to  continue  the  analysis  to  a  re¬ 
start  file  in  accordance  with  lines  1  through  6  and  6A  through  6H  of 
Figure  1.  An  example  showing  the  contents  of  a  restart  file  as  written 
by  the  program  is  presented  in  Figure  3.  New  sample  data  (maximum  of 

59  samples)  are  added  to  the  end  of  the  restart  file  in  accordance  with 
lines  7  through  9  of  Figure  1.  An  example  of  the  updated  restart  file 
is  presented  in  Figure  4. 

12.  During  the  execution  of  the  program,  the  statistical  output 
is  displayed  for  only  the  values  contained  in  the  present  restart  file. 
However,  data  for  predicted  strengths  are  displayed  for  all  samples. 
C.raphs  of  the  restart  data  can  be  scaled  by  the  user  to  overlap  with 
graphs  from  previous  runs.  As  many  restart  files  as  needed  can  be  pro¬ 
cessed  so  long  as  no  more  than  480  total  samples  are  entered.  It  is  im¬ 
portant  to  note  that  the  values  for  the  required  average  strength  are 
computed  exclusively  from  the  strength  results  contained  in  the  restart 
file  being  processed  and  not  from  previous  test  results. 

Undefined  Va lues 

13.  Certain  input  values  that  are  not  defined  and  are  to  be 
omitted  in  the  statistical  analysis  can  be  processed  by  the  program  when 
entered  as  follows: 


I_njmt_  Description 


Entry  for  Undef ined  Value 


Air  content  0 
Sample  slump  0 
Sample  water:cement  ratio  0 
lest  specimen  strength  0 
Temperature  of  air  -100 
Temperature  of  concrete  -100 
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Figure  3.  Contents  of  restart  file  ’F2’  as  written  by  the  program 


ata 


All  other  values  associated  with  the  undefined  input  are  designated  as 
undefined  by  the  program.  The  undefined  values  appear  as  ’****’  in  the 
tabular  displays.  These  values  are  omitted  from  the  graph  displays. 

14.  Some  age  groups  contain  two  test  specimens.  When  one  of  these 
test  values  is  undefined,  the  number  of  tests  for  the  overall-sample  data 
is  increased  by  one;  however,  the  number  of  tests  for  the  within-sample 
data  is  not.  For  each  such  occurrence,  this  results  in  the  difference 
for  the  number  of  tests  between  overall-sample  and  within-sample  data 
being  increased  by  one.  Th is  is  reflected  in  the  plots  for  (a)  "Stan¬ 
dard  Deviation  and  Range  Versus  Number  of  Tests"  and  (b)  "Coefficient 

of  Variation  Versus  Number  of  Tests." 

Data_  Entry 

15.  Data  can  be  entered  into  the  program  in  one  of  three  ways: 

(1)  from  an  existing  file,  (2)  from  the  terminal,  and  (3)  part  from  an 
existing  file  and  part  from  the  terminal.  Data  from  the  terminal  are 
entered  through  a  series  of  interactive  question/answer  responses  as  il¬ 
lustrated  in  Figure  5.  Additional  lines  of  data  can  be  added  to  data 
from  an  existing  data  file  through  the  same  series  of  question/answer 
responses  as  illustrated  in  Figure  6.  Data  entered  through  this  inter¬ 
active  option  of  the  program  are  automatically  written  to  an  output  file. 
An  Edit  system  such  as  the  one  on  the  Honeywell  computer  at  WES  can  be 
used  to  correct  the  contents  of  a  data  file  as  illustrated  in  Figure  7. 
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Figure  5.  Example  of  program  being  used  to  build  a  new  data  tile 


PART  V:  EQUATIONS 


16.  Equations  used  by  the  program  to  compute  the  displayed  output 
data  are  as  follows: 


For  Linear  Regression  of  Accelerated  Versus 
Design-Age  Strengths 


Description  of  Output 


Slope 


Y-intercept 


Correlation  coefficient 


95:>  confidence  interval 


Equation  Used  by  Program 


IX. IV . 

IX. Y.  - 
x  1 _ n 

2 

IX.  -  - -  -- 

i  n 


EY.  -  b£X. 
i  l 


2  (IV 

1X7 - — 

cc  =  b  /-- - — - 

,y2  _ 

i  n 


ci  =  C  'n"'2 


2  2/  2  (“V 

iy  -  ---- —  b  ix:  -  — — 

i  n  \  i  n 


2.-1 


where  a  =  Y-intercept 
b  =  Slope 

cc  =  Correlation  coefficient 

ci  =  95%  confidence  interval  (see  Appendix  B  for  derivation) 
n  =  Number  of  points 

t  =  t-distr ibut ion  factor  for  95%  confidence  interval;  for  n  = 

1  to  29  ,  t-distribution  factor  is  12.706,  4.303,  3.182, 

2.776,  2.571,  2.447,  2.365,  2.306,  2.262,  2.228,  2.201, 

2.179,  2.160,  2.145,  2.131,  2.120,  2.110,  2.101,  2.093, 

2.086,  2.080,  2.074,  2.069,  2.064,  2.060,  2.056,  2.052, 

2.048,  and  2.045,  respectively;  for  n  >  30  ,  t-distribution 
t  ac tor  is  1 . 960 . 

X.  =  An  individual  accelerated  strength 

Y  =  An  individual  design-age  strength 
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For  Predicted  Design-Age  Strengths 


Equation  Used  by  Programs 


Y  =  a  +  b  X. 

P  i 

Xj  +  X2  +  x3 


Description  of  Output 
Predicted  design-age  strength 


Average  strength 


Standard  error  of  estimate 


where  a  =  Y-intercept  from  laboratory  regression  curve 
b  =  Slope  from  laboratory  regression  curve 

d  =  Difference  between  accelerated  and  predicted  strengths 

n  =  Number  of  pairs  of  actual  and  predicted  design-age  strengths 

S  =  Standard  error  of  estimate 

X.  =  An  individual  accelerated  strength 

X  =  Average  strength 

Y  =  Predicted  design-age  strength 
P 

For  Required  Strengths 


Description  of  Output _ 

Required  average  strength  for 
design-age  test  specimens 


Required  accelerated  strength 


Required  average  accelerated 
strength  when  n  >_  30 


Required  average  accelerated 
strength  when  10  <  n  <  30 


Equation  Used  by  Program 

f  =  f’  +  t*o_, 
cr  c  d 


r  -  a 

^ca  b 


f  =  f  +  t*o 
c  ra  ca  a 


f  =  f  +  t  *a  +  t '  *S 
era  ca  a  y*  x 


where  a  =  Y-intercept  from  laboratory  regression  curve 

b  =  Slope  from  laboratory  regression  curve 
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f  ’ 

c 

f 

ca 

1 

c  r 

1 

c  ra 
n 


a 


d 


S 

V1  x 


l 


t 


Specified  strength 

Required  accelerated  strength 

Required  average  strength 

Required  average  accelerated  strength 

Number  of  pairs  of  accelerated  and  design-age  strengths 
on  laboratory  regression  curve 

Standard  deviation  of  accelerated-age  strengths  contained 
in  current  file  only 

Standard  deviation  of  design-age  strengths  contained  in 
current  file  only 

l'he  standard  error  of  estimate  of  V  values  for  a  given 
X  value  using  n  -  2  degrees  of  freedom  (See  Appendix  B 
for  derivation) 

A  constant  multiplier  for  standard  deviation  (o)  that  de¬ 
pends  on  the  number  of  tests  expected  to  fall  below  f ^ 
(ACT  2 14-77,  Table  4.1) 

A  constant  multiplier  for  standard  error  of  estimate  when 
10  -  n  -  30  (AC  1  214-77,  Table  4.2) 


lor  .Statistical^  Analqsq s  _o f  Strength  Test  Results 


bescr  ijiL  ion  _ol  Output 


liquation  I'sed  _b_y  Program 


Average  oi  test  results 


Average  of  last-m  tests 


Standard  deviation 

Coefficient  of  variation 

W i  Llii n-sampl  e ,  2-test  speci¬ 
men  average 

Actual  range 
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XiAB 
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Average  range 


Average  of  last-10  ranges 


Wi thin-sample  coefficient 
var iat ion 


Actual  within-sample  coeffi 
cient  of  variation 

0.8865;  2-test  specimen  value  for  computing  within-sample 
standard  deviation  (ACI  214-77,  Table  1.4. 1) 

Specified  strength 

3  for  analysis  of  structural  concrete 
5  for  analysis  of  nonst rue tura 1  concrete 

Number  of  tests 

Actual  range 

Average  of  last  10  ranges 
Standard  deviation 
Coefficient  of  variation 
Within-sample  coefficient  of  variation 
Actual  within-sample  coefficient  of  variation 
An  individual  test  result 
One  of  two  within-sample  strengths 
Second  of  two  within-sample  strengths 
Witli  in-sample,  2-test  specimen  average 
Average  of  last-m  tests 
Average  strength 
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17.  The  program  is  executed  through  a  series  of  interactive  ques¬ 
tion  and  answer  reponses  between  the  computer  and  the  user,  respectively. 
For  processing  laboratory  strength  test  results.  Figure  8  can  be  used  as 
a  guide  for  a  step-by-step  execution  of  the  program.  In  this  example, 
the  data  are  being  read  from  an  initial  file  (Figure  2). 

18.  lhe  slope,  Y-intercept,  number  of  points  on  curve,  and  95  per¬ 
cent  confidence  interval  for  the  regression  curve  produced  from  the  analy¬ 
sis  of  laboratory  data  are  required  as  input  in  processing  field  strength 
test  results.  If  regression  data  are  based  on  30  or  more  data  points, 

the  95  percent  confidence  interval  is  not  required  as  input.  Figure  9 
and  Figure  10  can  be  used  as  guides  for  a  step-by-step  execution  of  the 
program  in  processing  field  data.  In  Figure  9,  the  analysis  is  being 
made  using  an  initial  data  file  (Figure  2).  In  Figure  10,  the  analysis 
is  being  continued  using  a  restart  file  (Figure  4).  In  Figures  8-10, 
nonst rue  turn  1  concrete  is  being  analyzed. 
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Figure  9.  Example  showing  a  step-by-step  execution  of  program  using  an  initial 
file  that,  contains  field  test  results  (Sheet  1  of  27) 
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Figure  10.  Example  showing  a  step-by-step  execution  of  program  using  a  restart 
file  that  contains  field  test  results  (Sheet  1  of  18) 
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Figure  10.  (Sheet  7  of  18) 
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Figure  10.  (Sheet  10  of  18) 
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PART  VI  L:  CONCLUD1NC  STATEMENT 


19.  1  lie  program  described  in  this  report  is  the  Lb i rd-generat  ion 

program  for  performing  this  general  sort  of  analysis  of  Corps  of  engi¬ 
neers  concrete  strength  data.  The  previous  programs  were  prepared  by 
Lamond  (1974)  and  Bradstreet  and  Hughes  (1979). 

JO.  Strength  data  used  in  the  examples  of  this  report  were  taken 
t rom  test  results  ol  concrete  used  in  Richard  B.  Russell  Dam.  A  studv 
of  these  results  has  been  made  bv  Ragan  (1983).  A  discussion  of  this 
sort  of  work  has  been  published  by  Lamond  (1979). 
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APPENDIX  A 

DERIVATION  OF  95  PERCENT  CONFIDENCE  INTERVAL  FOR  THE  MEAN  RESPONSE 
OF  THE  DESIGN-ACE  STRENGTH  FOR  A  GIVEN  ACCELERATED  STRENGTH 


i 


f 


Assumptlo ns 

(1)  Confidence  interval: 


Ci  =  t  S 

y -x 

where  Ci  =  95  percent  confidence  interval 


S  =  Standard  error  of  estimate 
y-x 

t  =  t-distribution  factor  for  95  percent  confidence 
interval,  for  n  =  1  to  29  ,  t-distribution 
factor  is  12.706,  4.303,  3.182,  2.776,  2.571, 


2.447, 

2.365, 

2.306, 

2.262, 

2.228, 

2.201 , 

2.179, 

2.160, 

2.  145, 

2.131, 

2.120, 

2.110, 

2.101 , 

2.093, 

2.086, 

2.080, 

2.074, 

2.069, 

2.064, 

2.060, 

2.056, 

2.052, 

2.048, 

and  2.045 

respectively ; 

f  or  n 

>  30  , 

t-distribution 

factor  is  1 . 960. 


(2) 


n  = 

Standard  error 


Number  of  points 
of  estimate: 


on  regression  curve 


S 

y-x 


(See  Appendix  B  for  derivation) 


(i) 


where  S  =  Standard  error  of  estimate 
y-x 

b  =  Slope  of  regression  curve 
n  =  Number  of  points  on  regression  curve 
o  =  Standard  deviation  of  accelerated  strengths 
o  =  Standard  deviation  of  design-age  strengths 
Standard  deviation  of  accelerated  strengths: 


7 


n 


-  1 


where  n 


X. 


Number  of  points  on  regression  curve 
Standard  deviation  of  accelerated  strengths 
An  individual  accelerated  strength 


A  1 


I 


(4)  Standard  deviation  of  design-age  strengths: 


o 

y 


('V 


-  i 


where  n  =  Number  of  points  on  regression  curve 

0^  =  Standard  deviation  of  design-age  strengths 
Y  =  An  individual  design-age  strength 

Derivat ion 


De  sc  rip  t  ion  o  t"  Opera  t  io  n  _ 

Entering  confidence  in-  Ci 

terval  from  (1)  above 

Substituting  for  'S  _  1  Ci 

from  (2)  above 


Substituting  for  ' '  ’  Ci 

from  (1)  above  and 

for  ’ ’  from  (4)  above 


Resul ting  Equat ion 

t  S 

y  •  x 


A  2 


A 


Regression  Curve 


Ass umptions 

(1)  Sum  of  squares  of  error: 


SSE  =  E(Y 


a 


V 


2 


where  a 

SSE 

X. 

1 

Y 

l 


Y-intercept  for  regression  curve 
Sum  of  squares  of  errors 
An  individual  accelerated  strength 
An  individual  design-age  strength 
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(2)  Regression  equation: 


Y.  =  a  +  bX.  ;  a  =  Y  -  hX 
1  1 


where  a  =  Y-intereept  tor  regression  curve 
b  =  Slope  of  regression  curve 
X^  =  An  individual  accelerated  strength 
X  =  Average  accelerated  strength 
Y  =  An  individual  design-age  strength 
Y  =  Average  design-age  strength 
(3)  Slope  of  regression  curve: 


b 


O'.  -  Y)  =  b(X.  -  X) 


(4) 


where  b  =  Slope  of  regression  curve 

X.  =  An  individual  accelerated  strength 
X  =  Average  accelerated  strength 
Y  =  An  individual  design-age  strength 
Y  =  Average  design  age  strength 
Standard  deviation  of  accelerated  strengths: 


I(X.  -  X)2  =  (n  -  l)ox2 


(5) 


where  n  =  Number  of  points  on  regression  curve 

o  =  Standard  deviation  of  accelerated  strengths 

A 

=  An  individual  accelerated  strength 
X  =  Average  accelerated  strength 
Standard  deviation  of  design-age  strengths: 


;:(Y.  -  Y)2  =  (n  -  1)02 


where  n  =  Number  of  points  on  regression  curve 

0^  =  Standard  deviation  of  design-age  strengtli 
Y  =  An  individual  design-age  strength 
Y  =  Average  design-age  strength 


B2 
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(6)  Unbiased  estimation  S“  of  a  with  n 

y  •  x 

freedom  (a  =  standard  deviation): 


2  degrees  of 


y-x 


SSE 
n  -  2 


where  n  =  Number  of  points  on  regression  curve 

S  =  Unbiased  estimator  of  standard  deviation 
yx 

SSE  =  Sum  of  squares  of  errors 

Derivat ion 


L) e s cr  ip  t  io n  oj  Ope r a t  ion 


Resul t i ng  Equation 


Entering  equation  for 

i 

S“  from  (6)  above 
y  •  x 


Substituting  for  'SSE' 
from  (1)  above 

Substituting  t'or  'a' 
from  (2)  above 


Collecting  terms 


Substituting  for 
' (Y  .  -  V) '  from  (3) 
above 


> 

S“ 
v  •  x 


SSE 
n  -  2 


: (Vi  -  a  -  V 


s2 

yx 


:  f  (V .  -  Y)  -  b(X.  -  X-))2 


:  ( (Y±  -  Y>"  -  2b(X.  -  X) (Y .  -  Y)  + 
— 

-:< ( y.  -  Y)2  -  b2(x.  -  x)2) 


(n  -  l)(ov‘  -  b‘(n  - 

Substituting  for  S“<  =  — - ' - - — 

’ (X .  -  X) ^ '  from  (4)  above 
and1 for  *(Y.  -  Y) ^ '  from 
(5)  above 


faking  square  root 


(n  -  i)  2  22 

/  _  h  o 

(n  -  2)  y  x 


B  3 


b2(X.  -  X) 


I 


